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Optimal Reorientation of a Multibody Spacecraft
Through Joint Motion Using Averaging Theory

William Todd Cerven¤ and Victoria L. Coverstone†

University of Illinois at Urbana–Champaign, Urbana, Illinois 61801

The problem of reorienting a multibodyspacecraft using appendagejoint motion is addressed. Averaging theory
shows thatsmallperiodicactuationofsuch appendagesresults ina secularchange in the orientationof the multibody
spacecraft. The secular variation is controllable through choice of control pro� les. Using optimal control theory,
an analytic control algorithm that minimizes the required control effort is developed for a four-link multibody
system having zero angular momentum.

Nomenclature
A, B = vector coef� cient functions
Ai = Lie algebra basis matrix
Areai j = area de� ned by control curves ui and u j

b, d = joint and c.m. relative position vectors
ei = unit basis vector
Fext = external forces on system
Fi , Ji = intermediate equation of motion functions
gi = i th control vector � eld
H = Hamiltonian function
H = angular momentum
I = identity matrix
Ii = i th spacecraft link length
k I j = inertia matrix of the j th component relative to the

kth frame
J = cost
Mext = external moments on system
m = number of controls of system
m j = mass of j th body
msys = total mass of system
n = number of dimensions of system or number

of cycles in control
PSO.3/

[gi ;g j ] = projected Lie bracket to SO(3)
pi ; p = periodic functions
R = rotation matrix
r = link-relative position vectors
ri = i th spacecraft link radius
S.:/ = skew-symmetric operator
SO(3) = special orthogonal group of dimension 3 (rotation

matrices)
T = period, total maneuver time
t = time
u j = j th scalar control
Qu j = integrated j th scalar control
X = generic Lie group element
x, y = state variables
Z .t/ = matrix exponential function
" = multiplier¿ 1
µ¤ = nominal shape
¹y = y Lagrange multiplier
¹µ = µ Lagrange multiplier
»; ´; ³ = body-�xed axes
½ = c.m. position vectors
Át

x = � ow of X at time t
Ã; Á; µ = 3–2–1 Euler angles
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k X i j = angular velocity of the i th body relative to the j th,
referenced to the kth coordinate frame

[Areai j ] = vector of areas de� ned by curves u i and u j ,
for all i , j

[:;:] = Lie bracket
j ¢ j = vector Frobenius norm
k ¢ k = norm

Introduction

W ITH NASA’s interest in faster, smaller, and cheaper mis-
sions, engineers have increasingly been forced to look for

new ways to meet mission objectives with fewer resources. Com-
monly, the most limiting factor for a spacecraft is mass. Thus, engi-
neers are continuallysearchingforways to reducemass, particularly
in the areas of propellant and excess redundancy.Although this is a
dilemma, advances in spacecraft technology have introduced some
intriguing capabilities that have yet to be exploited.

The con� gurations of modern spacecraft are far removed from
Sputnik’s design. Many modern spacecraft are equipped with actu-
ated solar arrays, antennas, and instrument platforms. Even robotic
armsare becomingmore common inasmuchas the new International
Space Station will be heavily dependent on them. These actuated
appendages are a bane for most control engineers because they in-
troduceperturbationsto the system that must be handledby the atti-
tude controlsystem,oftencostingpreciouspropellantin the process.
Ironically, this same property, the ability of an actuated appendage
to perturb the system, is what also provides control opportunities.
Through judicious control of the actuations, the resulting orienta-
tion of the spacecraft can be controlled. This provides a valuable
alternative to thrusters by allowing reorientationwithout propellant
usage. It also provides a backup for failure in primary systems such
as thrusters and wheels.

The problem of reorienting a multibody spacecraft is analogous
to that of reorienting a falling cat. Somehow, a cat, when dropped,
(almost) always lands on its feet. From classical mechanics, we
know angular momentum is conserved; therefore, when a cat reori-
ents itself from being dropped from a rest position upside-down,
one might wonder how this is dynamically possible. The motion
of the cat as it falls is the answer. From a control point of view,
this sort of system falls into the class of underactuated systems,
those which have fewer controls than degrees of freedom. As an-
gular momentum is conserved, this system is also kinematic and
driftless, for example, the states are changing only when the con-
trols, joint movements in this case, are active. Dynamically, this
falling cat problem is the same as that for any rigid multibody sys-
tem with no external torques acting on the system. Kane and Scher1

addressed this through dynamic systems theory and then applied it
to the problem of astronautreorientation.2 Krishnaprasad3 provided
a general framework for addressing recon� guration of multibody
systems. Near-optimal and optimal controls were applied to the
cat and spacecraft problems by Fernandes et al.4 and Coverstone-
Carroll and Wilkey.5 One of the problems with these solutions to the
rigid-multibodysystem recon�guration problem is that the controls
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are numerical in nature. Therefore, the controls are not easily re-
computed for differing mechanical systems or desired � nal condi-
tions.Rui6 changedthis by introducinga method to developanalytic
controls of multibody systems using averaging and nonlinear sys-
tems theory. This methodology follows control theory developed
by Leonard and Krishnaprasad7;8 and Leonard,9 who, in turn, were
inspired by some of Brockett’s10 work. They7¡9 show that periodic
small controls can be used to provide a secular state variation in
any direction.Through use of this theory, it is possible to control an
averaged system exactly and an actual system approximately.

This paper bypasses traditional numerical optimization such
as that in Coverstone-Carroll and Wilkey5 as well as the Ritz
approximation-basedmethod of Fernandes et al.4 by taking advan-
tage of the structure used by Rui6 and Rui et al.11 When small
periodic joint velocity controls are assumed so that higher-orderef-
fects could be neglected(a reasonable assumption,given geometric
and mechanical constraints on spacecraft appendages), Rui devel-
oped various control schemes to reorient spacecraft. By the use of
the same assumptions, this paper applies optimal control theory
to obtain analytically a control algorithm that minimizes actuator
energy expenditure, thus providing a marked improvement in ef� -
ciency over previously developed controls. Because of the analytic
nature of these controls, givenan accuratespacecraftmodel, control
histories can be quickly and easily computed to effect an arbitrary
reorientation.

Background
Brockett10 applied averagingtheory to nonlinearsystems to show

that the states of a driftless system under small periodic controls of
period T and suitable initial conditions show small periodic motion
plus higher-order secular motion. Speci� cally, given a system

Px D g1.x/u1 C g2.x/u2

where

u D O."/; Qui .T / D 0 (1)

given

" ¿ 1; Qui D
Z t

¿ D 0

ui .¿/ d¿

the state history x(t ) can be written as

x.t/ D x0 C p.t/ C [g1; g2]
Area12

T
t C O."3/

[g1; g2] D @g2

@x
g1 ¡ @g1

@x
g2 (2)

given

Areai j D
Z T

¿ D 0

Qui
PQu j d¿ D 1

2

Z T

¿ D 0

Qu i
PQu j ¡ Qu j

PQu i d¿

where x0 is the initial state,p.t/ is a periodicvector function,[g1, g2]
is the � rst-order Lie bracket of the control vectors g1 and g2, and

Fig. 1 Multibody spacecraft system.

Area12 is the area de� ned by the curves Qu1 and Qu2 by Green’s theo-
rem. Therefore, careful choice of periodic controls allows control-
lability along the direction of the Lie bracket. Expansion to higher-
order terms allows controllabilityalonghigher-orderLie bracketsas
well. Any n-dimensionalsystem of the form (3) is controllablepro-
viding it satis� es the Lie algebra controllabilityrank condition (4):

Px D
mX

i D 1

gi .x/u i (3)

rankfgi ; [gi ; g j ]; [gk ; [gi ; g j ]];

[gl ; [gk ; [gi ; g j ]]]; : : : ; 8i; j; k; l; : : :g D n (4)

Leonard and Krishnaprasad7;8 and Leonard9 took Brockett’s10

work a step further and applied averaging theory to Lie groups to
approximate and control underactuated Lie group systems, includ-
ing SO(3), of the form

PX D XU; U D
mX

i D 1

Ai .x/ui (5)

where X is a generic Lie group element of dimension n and Ai ,
i D 1; : : : ; n is a basis of .X/, where . / is the inverse of the
exponential mapping for Lie groups. Because the controls � t the
constraints in Eq. (1), Leonard showed that these systems provide a
periodic secular response due to small periodic controls. The state
history then is described by

Z .t/ D S. Qu.t// C
t

T

mX

i; j D 1

Areai j .T /[Ai ; A j ] C O."3/

X .t/ D ez.t/; S.V/ D

2

4
0 ¡V3 V2

V3 0 ¡V1

¡V2 V1 0

3

5 (6)

In Refs. 7 and 9, there is a detailed proof of these properties. For
these matrix Lie group systems, the Lie bracket, when simpli� ed,
is shown to be the matrix commutator:

[A1; A2] D A1 A2 ¡ A2 A1 (7)

Multibody Spacecraft Mathematical Model
Whereas Leonard’s9 theory was developed for matrix Lie group

systems, Rui6 has applied these concepts to multibody spacecraft,
forwhich a mathematicalmodel is now derived.Considerthe system
in Fig. 1. The inertial coordinate frame is represented by the axes
X I Y I Z I , whereas the coordinateframe of the system center of mass
is XcmYcm Zcm and has the system center of mass as its origin. This
coordinate frame has axes parallel to that of the inertial frame, and
its origin is de� ned by ½cm . The axes »i ´i ³i represent the body-
� xed axes of component L i , with its origin at the center of mass
of that body. Here, the base body is denoted subscript 0, whereas
links are numbered from 1 to m. The vectors ½i and ri denote the
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position vectors of a link’s center of mass to the system center of
mass reference frame and the previous link’s frame, respectively.

The b vector represents the next joint position relative to the body
center of mass, whereas the d vectorde� nes the body center of mass
position relative to the last joint. Thus, the following condition is
satis� ed:

rk D bk ¡ 1 C dk (8)

Let Ri; j 2 SO(3)be the rotationmatrix from the j th coordinateframe
to the i th coordinate frame. For example, for a vector V j in the j th
coordinate frame,

Vi D Ri; j V j (9)

Let the angularvelocityvector between the inertialand base body
frame, expressed in the base body frame, be denoted by 0ÄI;0. This
is related to the rotation matrix RI ;0 by

PRI ;0 D RI ;0S
¡

0ÄI;0

¢
(10)

In this paper, the rotation matrix RI;0 will often be denoted as
R, for sake of simplicity. More generally, let the angular velocity
vector between the i th and j th coordinate frame, expressed in the
j th coordinateframe, be denotedby j X i; j (note that left superscripts
refer to the reference frame). This is related to the rotation matrix
Ri; j by

PRi; j D Ri; j S
¡

j X i; j

¢
(11)

The angular velocity of the kth link relative to the inertial frame
can be expressed as

k X I;k D .R0;k /T

Á
0 X I;0 C

kX

i D 1

0 X i ¡ 1;i

!
(12)

where R0;k is de� ned as

R0;k D R0;1 R1;2; : : : ; Rk ¡ 1;k (13)

A joint constrains the relativemotion of the two links it connects.In
other words, it constrains Rk ¡ 1;k . For 3–2–1 (Ã; Á; µ ) Euler angles,

Rk ¡ 1;k D

2

4
cos Ãk cos Ák ¡sin Ãk cos µk C cos Ãk sin Ák sin µk sin Ãk sin µk C cosÃk sinÁk cos µk

sin Ãk cos Ák cos Ãk cosµk C sin Ãk sin Ák sin µk ¡cosÃk sinµk C sin Ãk sin Ák cosµk

¡sin Ák cos Ák sin µk cos Ák cos µk

3

5 (14)

For a revolute joint, Ã and Á are de� ned to be � xed, whereas µ
is the joint angle. This constraint can be expressed in terms of the
angular velocity, where

k PX k ¡ 1;k D e1
Pµk (15)

e1 D [1 0 0]T (16)

The angular momentum of the system about its center of mass
can be expressed in the base body reference frame »0´0³0 as
0H D 0I0

¡
0 X I;0

¢
C m0S

¡
0½0

¢
0P½0

C
mX

j D 1

0I j

¡
0 X I; j

¢
C

mX

j D 1

m j S
¡

0½ j

¢
0 P½ j (17)

where m0 and m j are the masses of the base body and link L j

whereas 0I0 and 0I j are the inertia matrices of the base body and link
L j expressed in the base body frame. The inertia matrix for link L j

in the base body frame can be related to the L j body-�xed frame
through rotation matrices as

0I j D R0; j

¡
jI j

¢
.R0; j /

T (18)

To solve Eq. (17), expressions for ½ j and ½0 along with their
derivatives with respect to time must be developed.This derivation
is not includedhere for brevity,butmay be found in detail in Ref. 12.
The expressions are

I½0 D ¡ 1
msys

mX

i D 1

ÁÁ
mX

j D i

m j

!
¡
RI;i ¡ 1

¡
i ¡ 1bi ¡ 1

¢
C RI;i

¡
i di

¢¢
!

0½0 D ¡ 1
msys

mX

i D 1

ÁÁ
mX

j D i

m j

!
¡
R0;i ¡ 1

¡
i ¡ 1bi ¡ 1

¢
C R0;i

¡
i di

¢¢
!

(19)

0 P½0 D 1
msys

mX

i D 1

ÁÁ
mX

j D i

m j

!
£
R0;i ¡ 1 S

¡i ¡ 1
bi ¡ 1

¢
.R0;i ¡ 1/

T

C R0;i S
¡

i di

¢
.R0;i /

T
¤
!

¡
0 X I;0

¢

C 1
msys

m ¡ 1X

k D 1

"
m ¡ 1X

i D k

mX

j D i C 1

m j R0;i S
¡

i bi

¢
.R0;i /

T

C
mX

i D k

mX

j D i

m j R0;i S
¡

i di

¢
.R0;i /

T

#
¡

0 X k ¡ 1;k

¢

C
1

msys
R0;m S

¡
mdm

¢
.R0;m /T

¡
0 X m ¡ 1;m

¢
(20)

0 P½k D 0 P½0 ¡
mX

i D 1

£
R0;i ¡ 1S

¡
i ¡ 1bi ¡ 1

¢
.R0;i ¡ 1/T

C R0;i S
¡

i di

¢
.R0;i /

T
¤¡

0 X I;0

¢

¡
m ¡ 1X

s D 1

"
m ¡ 1X

i D s

R0;i ¡ 1S
¡

i ¡ 1bi ¡ 1

¢
.R0;i ¡ 1/T

C
mX

i D s

R0;i S
¡

i di

¢
.R0;i /

T

#
¡

0 X s ¡ 1;s

¢

¡ R0;k S
¡

kdk

¢
.R0;k /T

¡
0 X k ¡ 1;k

¢
(21)

WhenEqs. (18–21)are substitutedintoEq. (17), a � nal expression
for the angular momentum can be written as

0Hcm D J0

¡
0 X I;0

¢
C

mX

j D 1

J j

¡
j X j ¡ 1; j

¢
(22)

The matrices J0 and J j are de� ned as

J0 D 0I0 C
mX

k D 1

R0;k

¡
k Ik

¢
.R0;k/

T

C
1

msys

Á
m0 S

¡
0½0

¢
C

mX

j D 1

m j S
¡

0½ j

¢
!

mX

i D 1

ÁÁ
mX

j D i

m j

!

£
£
R0;i ¡ 1S

¡
i ¡ 1bi ¡ 1

¢
.R0;i ¡ 1/T C R0;i S

¡
i di

¢
.R0;i /

T
¤
!

C
mX

i D 1

ÁÁ
mX

j D i

m j S
¡

0½ j

¢
!

£
R0;i ¡ 1S

¡
i ¡ 1bi ¡ 1

¢
.R0;i ¡ 1/T

C R0;i S
¡

i di

¢
.R0;i /

T
¤
!

(23)
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J j D

(
mX

k D 1

R0;k

¡
k Ik

¢
.R0;k /T C 1

msys

Á
m0S

¡
0½0

¢ mX

j D 1

m j S
¡

0½ j

¢
!

£

"
m ¡ 1X

i D 1

ÁÁ
mX

j D i C 1

m j

!
R0;i S

¡
i bi

¢
.R0;i /

T

!

C
mX

i D 1

ÁÁ
mX

j D i

m j

!
R0;i S

¡
i di

¢
.R0;i /

T

!#

¡
m ¡ 1X

i D 1

ÁÁ
mX

j D i C 1

m j S
¡

0½ j

¢
!

R0;i S
¡

i bi

¢
.R0;i /

T

!

¡
mX

i D 1

ÁÁ
mX

j D i

m j S
¡

0½ j

¢
!

R0;i S
¡

i di

¢
.R0;i /

T

!)
R0; j

j D 1; : : : ; m ¡ 1 (24)

Jm D

(
R0;k

¡
k Ik

¢
.R0;k /T C 1

msys

Á
m0S

¡
0½0

¢

C
mX

j D 1

m j S
¡

0½ j

¢
!

mm R0;m S
¡

mdm

¢
.R0;m/T

¡ mm S
¡

0½n

¢
R0;m S

¡
mdm

¢
.R0;m/T

)
R0;m (25)

Equations of Motion
The equationsof motion for this multibodyspacecraftare derived

from Newton’s second law. For the total force Fext and torque Mext

acting on the system, this can be written as
IPp D IFext;

I PHcm D IMext (26)

The total system linear momentum is representedas p and is de� ned
by

Ip D msys

¡
I P½cm

¢
(27)

Hcm is the total system angular momentum about its center of mass
as de� ned in Eq. (22). Assuming that Fext and Mext are unrelated
to the spacecraft states, the rotational and translational equations
of motion are uncoupled.However, whereas this makes the transla-
tional equations of motion easy to solve using Eqs. (26) and (27),
the rotational equations of motion are still not so simple. When
Newton’s second law for angular momentum in the body frame is
rewritten,

RI;0
0Mext D PRI ;0

¡
0Hcm

¢
C RI;0

¡
0 PHcm

¢
(28)

[gi ; g j ] D d

dt

­­­­
t D 0

»
d

d¿

­­­­
¿ D 0

Át
gi

¡
Á¿

g j .R; µ/
¢

¡ d

d¿

­­­­
¿ D 0

Át
g j

¡
Á¿

gi .R; µ/
¢¼

D d

dt

­­­­
t D 0

8
><

>:

2

4 d
d¿

­­­­
¿ D 0

R expS.F j .µ//¿ C S[O.¿ 2/] eS.Fi .µCe j ¿ //tCS[O.t2 /]

µ C e j ¿ C ei t

3

5 ¡

2

4 d
d¿

­­­­
¿ D 0

R expS.Fi .µ//¿ C S[O.¿ 2 /] eS.F j .µCei ¿ //tCS[O.t2/]

µ C ei ¿ C e j t

3

5

9
>=

>;

D
d

dt

­­­­
t D 0

8
<

:

2

4RS.F j .µ//eS.Fi .µ//tCS[O.t2 /] C R expS.Fi .µ//tCS[O.t2/] S

³
@Fi

@µ
.µ/e j

´
t

e j

3

5

¡

2

4RS.Fi .µ//eS.F j .µ//tCS[O.t2/] C R expS.F j .µ//tCS[O.t2 /] S

³
@F j

@µ
.µ/ei

´
t

ei

3

5

9
=

; (36)

the time rate of change of 0Hcm is solved for, and Eq. (10) is used,

0 PHcm D 0Hcm £
¡

0X I ;0

¢
C 0Mext (29)

The angular velocity of the base body frame can then be found from
Eq. (22):

0X I;0 D .J0/¡1
¡

0Hcm

¢
C

mX

j D 1

F j
Pµ j ; F j D ¡.J0/¡1 J j e1 (30)

In this system, u j (for all j D 1; : : : ; m) are the joint velocity
controls. For a system with zero external moments and zero initial
angular momentum, the angular momentum is zero for all time.
When all joints are actuated, the rotationalequationsof motion then
simplify to

0Hcm D const D 0 (31)

PRI ;0 D RI ;0

mX

j D 1

S.F j .µ//u j (32)

Pµ j D u j (33)

An advantage to this formulation of the equations of motion
is that, while taking the form of a kinematic model (no drift
term), they incorporate the full dynamics of the system when no
external torques are present. Thus, conservation of angular mo-
mentum allows the reduced dynamics evidenced in Eqs. (32) and
(33). Such a system simpli� es the control problem remarkably.
Although the function F j .µ/ in Eq. (32) is very complicated,
commercial mathematics software makes computation of these
equations much easier. This formulation thus provides a ready ba-
sis for the development of joint actuation controls to reorient the
spacecraft.

Multibody Spacecraft Lie Bracket Control
When this formulation of the rotational equations of motion is

used,Leonard’s9 conceptscan be applied to a multibodyspacecraft.
Once again, the controlsare assumed to � t the constraintsof Eq. (1).
The vector � elds of system (32) are de� ned as

gi .R; µ/ D
µ

RS.Fi .µ//

ei

¶
; 8i D 1; : : : ; m

.note: R D RI;0/ (34)

where ei is the i th unit basis vector in Rn , and where the vector � eld
gi exists in the tangent space of SO(3) £ T m . De� ne the � ow, Át , of
the vector � elds to be the solution to the differential equation (35).
The Lie bracket can then be de� ned in terms of the � ow and found
as follows:

Px D gi .x/; Át
gi

D x (35)
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[gi ; g j ] D

2

4RS

³
F j .µ/ £ Fi .µ/ C @Fi

@µ j
.µ/ ¡ @F j

@µi
.µ/

´

0

3

5 (37)

The projections of these Lie brackets on the tangent space of
SO(3) (the portion of the Lie brackets correspondingto the rotation
matrix differential equation) are the quantities that will be used
to determine the averaged SO(3) system solution. The joints are
fully actuated with projected Lie brackets of zero and can be easily
modeled. De� ne the projections as

PSO.3/

[gi ;g j ] D S

³
F j .µ/ £ Fi .µ/ C

@Fi

@µ j
.µ/ ¡

@F j

@µi
.µ/

´
(38)

By exponential expansion, the � nal orientation can be expressed
in terms similar to Eq. (6):

Z .T / D PSO.3/

[g1 ;g2 ]Area12 C PSO.3/

[g3;g1]Area31 C PSO.3/

[g2 ;g3 ]Area23

C S

Á

O

ÁZ T

0

kµk2u i dt

!!
C Z0 (39)

Z .T / D PSO.3/

[g1 ;g2 ]Area12 C PSO.3/

[g3;g1]Area31

C PSO.3/

[g2;g3]Area23 C Z0 C O."3/

R.T / D eZ .T / (40)

Optimal Control Derivation
One of the major dilemmas in using averaging methods and Lie

brackets to control nonlinear systems is that the path of control
development is quite varied, as can be seen in differing approaches
by Leonard and Krisnaprasad,7;8 Leonard9 and Rui.6 In this paper,
optimal control theory is used to achieve a control that will result
in a desired reorientation in a far more ef� cient manner than those
that have been previously proposed.

System and Constraint Setup
The equations of motion of the multibody system are given by

Eqs. (32) and (33). Provided that the Lie algebra rank controllability
condition is satis� ed by the � rst-order projected Lie brackets, a
desired reorientation from the orientation R.0/ 2 SO(3) to a � nal
orientation R.T / can be achieved.Note that the parameterT is used
for the � nal time. The system � nal orientation is given by Eq. (31),
which can be rewritten as

Z .T / D PSO.3/

[g1 ;g2 ]Area12 C PSO.3/

[g3;g1]Area31 C PSO.3/

[g2 ;g3 ]Area23 C O."3/

R.T / D R.0/eZ.T / (41)

If higher-order terms are considered insigni� cant, the following
relation can be shown:

S.!/ D PSO.3/

[g1 ;g2 ]Area12 C PSO.3/

[g3;g1 ]Area31 C PSO.3/

[g2;g3]Area23

R.0/¡1 R.T / D eS.!/; S.V/ D

2

4
0 ¡V3 V2

V3 0 ¡V1

¡V2 V1 0

3

5

(42)

As de� ned in Eq. (12), the projected Lie brackets are themselves
vectors on which the skew-symmetric operator S(.) has been per-
formed. Thus, the net rotation of the base body of the multibody
system ! is a linear combinationof these vectors de� ned by the Lie
brackets.Therefore,providedthesevectorsare linearly independent,
for example, they satisfy the Lie algebra rank controllabilitycondi-
tion, a unique combination of Areai j exist that provide the desired
reorientation. For simplicity, the inertial coordinate system can be
chosen so that R.0/ D I . For this theory to work, the constraints set
forward in Eq. (1) must be satis� ed. For a system such as Eqs. (32)
and (33) with three controls, the parametersAreai j can be expressed
as

[Areai j ] D

2

4
Area23

Area31

Area12

3

5 D ¡1
2

Z T

0

.u £ µ/ dT (43)

The periodic control constraint appears as follows:
Z T

0

ui .t/ dt D 0 (44)

As seen in Eq. (45), these integral control constraints can be
expressed as boundary constraints on a state variable. While the
periodicconstraintcorrespondsto an existing state variable,another
statevariable,y,must be createdto satisfytheareaconstraint.Bryson
and Ho13 givea muchmore detailedexplanationof theuseof integral
constraints. Thus,

Py D .u £ µ/ D S.u/µ ) y.0/ D 0; y.T / D ¡2[Areai j ]

Pµ D u ) µ.0/ D 0; µ.T / D 0 (45)

Note that, although this derivation is applied to appendage motion
about µi D 0, a simple coordinate change allows motion about any
con� guration µ. Additionally, one other constraint exists: that the
spacecraft start from rest. For this to be true, all controls(joint angu-
lar rates)must start at zeroand endat zero.For themoment,however,
we will relax this constraintand reinstateit at a later time. The focus
of this formulation is the minimizationof the control effort required
to reorient a satellite. The control effort is minimized by selecting
the integral of the square of the control magnitude over the entire
maneuver (from t D 0 to T ) as the cost functional. As the control
re� ects the joint velocities, the cost functional is an indicator of the
energyexpendedby the jointactuators.Thus, loweringthecost func-
tional lowers the energy requiredby the spacecraft for reorientation,
allowing more power to be used for primary mission objectives,

J D
Z T

0

.uT u/ dt (46)

From this, theHamiltonianequationfor the systemcanbederived.
The Lagrange multiplier ¹ is used to append the constraints to the
cost:

H D uT u C ¹T
y S.u/µ C ¹T

µ u (47)

The � rst-orderdifferentialequationsde� ning the Lagrangemulti-
plier functionsare de� ned through the derivativeof the Hamiltonian
with respect to the correspondingstate variable. Because the arti� -
cial state variable y is not explicitly mentioned in the Hamiltonian,
the multiplier ¹y is constant,

d¹T
y

dt
D ¡ @ H

@y
D 0 ) ¹T

y D const

d¹T
µ

dt
D ¡ @ H

@µ
D ¡¹T

y S.u/ (48)

The optimality condition can then be used to � nd the control in
terms of the state variables and the multiplier functions,

@ H

@u
D 0 D 2uT ¡ ¹T

y S.µ/ C ¹T
µ

P: : u D
¡S.µ/¹y ¡ ¹µ

2
D 1

2
S.¹y/µ ¡ 1

2
¹µ (49)

Optimal Problem Solution
The use of Eq. (49) in the system differential equations leads to

the following system:

Py D ¡S.µ/u D ¡1

2
S.µ/S.¹y /µ C 1

2
S.µ/¹µ ) y.0/ D 0

y.T / D ¡2[Areai j ]; Pµ D 1

2
S.¹y /µ ¡ 1

2
¹µ ) µ.0/ D 0

µ.T / D 0

d¹µ

dt
D S.u/¹y D ¡

1

2
S.¹y /S.¹y/µ C

1

2
S.¹y/¹µ (50)
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On inspection, it can be seen that the µ and ¹µ equations form
a linear system, whereas the y equation can be solved by simple
forward integration.In this case, the Laplace transformmethod was
used to solve the linear system.Althoughthis computationwas non-
trivial, after applying the boundary conditions, it yielded a compact
solution for µ of the following form:

µ D A.¹y ; ¹µ0/ sin.2¼n=T /t C B.¹y ; ¹µ0/[cos.2¼n=T /.t ¡ 1/]

u D .2¼n=T /A.¹y ; ¹µ0/ cos.2¼n=T /t

¡ .2¼n=T /B.¹y; ¹µ 0/ sin.2¼n=T /t (51)

where

j¹y j D 2¼n=T; A D ¡.1=2j¹y j/¹µ0

B D
¡
1=2j¹y j2

¢
S.¹y/¹µ 0 (52)

Equation (45) imposed the terminal boundary condition on y and
can be rewritten in terms of the control and state variables. The
details of this and the other following calculations can be found by
Cerven12:

y D
Z T

0

.u £ µ/ dt D ¡2

2

4
Area23

Area31

Area12

3

5 D
T 3

16.¼n/2
S.¹µ0/S.¹µ 0/¹y

(53)

Now � ve constraintequationsand six unknown constantsremain,
meaning that any value, within bounds, of the independentconstant
results in an optimal solution. Through some algebraic manipula-
tion, j¹µ 0j2 and ¹y can be found independent of the free constant:

j¹µ0j2 D
16.¼n/

T 2

q
Area2

12 C Area2
23 C Area2

31 (54)

¹y D 2¼n

T
p

Area2
12 C Area2

23 C Area2
31

2

4
Area23

Area31

Area12

3

5D 2¼n

T

[Areai j ]
j[Areai j ]j

(55)

When the parameter ¹µ10 is chosen to be the free variable, the
other constants are found to be

¹µ30 D ¡¹µ 10
Area23

Area12
¡ ¹µ 20

Area31

Area12

(56)

¹µ20 D
³

1 C Area2
31

Area2
12

´¡1µ
¡

³
¹µ10

Area23

Area12

Area31

Area12

´¶

C
³

1 C Area2
31

Area2
12

´¡1
"

§

s³
¹µ10

Area23

Area12

Area31

Area12

´2

¡
³

1 C Area2
31

Area2
12

´³
¹2

µ 10

³
1 C Area2

23

Area2
12

´
¡ 16.¼n/

T 2
j[Areai j ]j

´#
(57)

By the use of this information,the controlsand joint anglescan be
written as follows,where ¹µ20 and ¹µ 30 are de� ned by Eqs. (56) and
(57) and ¹µ10 is independent, constrained only by j¹µ 10j · j¹µ 0j:

µ D ¡
T

2¼n

»
¹µ0

2
sin

2¼n

T
t ¡

[Areai j ] £ ¹µ 0

2j[Areai j ]j

³
cos

2¼n

T
t ¡ 1

¼́

u D ¡¹µ0

2
cos

2¼n

T
t C

[Areai j ] £ ¹µ0

2j[Areai j ]j
sin

2¼n

T
t (58)

As already mentioned, these controls must be small (of order
") for this theory to be applicable. As can be seen, the size of the
controls depends entirely on the size of ¹µ 0. As Eq. (54) shows,
j¹µ 0j is proportionalto (n1=2=T ). Therefore,when this ratio is small
enough, the controls can � t the small control assumption. Practi-

Fig. 2 Example of control stepping.

cally, this means that this control is valid for any system with three
controls satisfyingEqs. (32) and (33) and (41–44) providedthe con-
trol frequency (de� ned as n=T ) and reorientation time are chosen
properly. As can be seen in Eq. (41), a third-order error term in the
reorientation does exist, as de� ned in Eq. (39). This error term is
of the order of 1=(n1=2 ) and also can be lowered through judicious
choice of frequency and reorientation time.

Cost Calculation
The cost for this maneuver can then easily be found. Using (46)

and (51),

J D
Z T

0

.uT u/ dt D
³

2¼n

T

´2 Z T

0

µ
A cos

2¼n

T
t ¡ B sin

2¼n

T
t

¶T

£
µ

A cos
2¼n

T
t ¡ B sin

2¼n

T
t

¶
dt D 2.¼n/2

T
.AT A C BT B/

D
T

4
j¹µ0j2 D 4¼n

T

q
Area2

12 C Area2
23 C Area2

31 (59)

As can be expected, the � nal cost varies directly with the magni-
tude of the reorientationas shown by the area terms, as well as the
frequency of the controls. However, these calculations did not take
into account the assumptionof the spacecraft starting at rest, or that
u D 0 at the beginningand end of the maneuver.This can be accom-
plished by stepping in the controls and stepping them out one at a
time, as can be seen in Fig. 2.

By keeping the time each control operates the same, the cost
remains unchanged. However, there does exist a penalty in the ac-
curacy of the resulting reorientation due to the loss of time that all
three controls were coupled together. This time of not operating si-
multaneously is no more than T=.2n/. From this, the difference in
� nal orientation is found to be of order 1=.2n). This is negligible
in comparison to the error of order 1=.n1=2/ due to the higher-order
terms when n is large. To satisfy the small control assumption, this
must be the case. Thus, the cost in pointing accuracy is negligible,
and the stepped controls are also considered an optimal solution to
the averaged system.

An appreciation for the usefulness of this optimization can be
obtained througha comparisonof cost to other controlsutilizing the
same averaging theory. For a space robot with three actuated joints,
Rui6 proposed the control
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u D 2
p

n

T

£

2

6666664

¡Area31
a31

sin

³
2¼nt

T

´
C Area12

a22
sin

³
4¼nt

T

´

Area23
a31

sin

³
2¼nt

T

´
C a22¼ cos

³
4¼nt

T

´
¡ a22¼ cos

³
6¼nt

T

´

a31¼ cos

³
2¼nt

T

´
¡ a31¼ cos

³
6¼nt

T

´

3

7777775

(60)

When thede� nitionof costde� ned in Eq. (46) is used, Jrui is found
to be a function of the squares of two free variables a22 and a31:

Jrui D 2n

T

µ
Area2

31 C Area2
23

a2
31

C Area2
12

a2
22

C 2¼ 2
¡
a2

22 C a2
31

¢¶
¸ 0

(61)

The relative cost, or the differencebetween this and the optimal cost
found in Eq. (59), can be expressed as

Jrui ¡ J D 2n

T

µ
Area2

31 C Area2
23

a2
31

C Area2
12

a2
22

C 2¼ 2
¡
a2

22 C a2
31

¢¶

¡4¼n

T

q
Area2

12 C Area2
23 C Area2

31 (62)

Rui’s6 cost given in Eq. (61) has four minimums: one in each
quadrant with the values for a22 and a31 given as

[a22; a31]

D

"
§

p
2

2

s
p

2
p

Area2
12

¼
; §

p
2

2

p
2
p

Area2
23 C Area2

31

¼

#

(63)

Therefore, the smallest differencebetween costs can be shown to
be

.Jrui ¡ J /min D 4¼n

T

np
2

q
Area2

23 C Area2
31 C

p
2

q
Area2

12

¡
q

Area2
12 C Area2

23 C Area2
31 (64)

When the triangle inequality is used, it can be seen that
q

Area2
23 C Area2

31 C
q

Area2
12 ¸

q
Area2

12 C Area2
23 C Area2

31

(65)

Therefore,

.Jrui ¡ J /min ¸ 0 (66)

and the solution represented in Eq. (58) is shown to provide a more
ef� cient reorienting algorithm.

Example
A four-link revolute-jointspacecraft comparable to that given by

Rui6 and geometrically similar to that given by Coverstone-Carroll
and Wilkey5 was selected to test the control algorithm. It consists
of three axially symmetric links attached to one another and an
axially symmetric base body through revolute joints parallel to the
x axis of each link. The speci� c geometric and mass properties
of these links are presented in Eqs. (67) and (68). The beginning
orientation of each of the bodies is given by 3–2–1 Euler angles
[relativeto (i ¡ 1)th body frame],where µ is the revolutejoint angle.
The initial and desired � nal base body orientations (relative to the
inertial frame) are given by (69) and (70). Thus,

I0 D

2

4
1:2 0 0

0 6:6 0

0 0 6:6

3

5 ; m0 D 58:2;
l0 D 0:8

r0 D 0:2

I1 D

2

4
4:0 0 0

0 4:0 0

0 0 0:6

3

5 ; m1 D 37:5;
l1 D 0:6

r1 D 0:05

I2 D

2

4
3:5 0 0

0 3:5 0

0 0 0:3

3

5 ; m2 D 28:4;
l2 D 0:6

r2 D 0:05

I3 D

2

4
3:8 0 0

0 3:8 0

0 0 0:35

3

5 ; m3 D 30:0;
l3 D 0:6

r3 D 0:05
(67)

Here all values are in degrees,

Ã1 D 90; Ã2 D 90; Ã3 D 45; Á1 D 0; Á2 D 0

Á3 D 0; µ1 D ¡30; µ2 D 60; µ3 D 60 (68)

Ã0 D 0; Á0 D 0; µ0 D 0 (69)

Ã f D 0; Á f D ¡60; µ f D 0 (70)

When a T D 200-s reorientationtime and n D 400 cycles are cho-
sen, with an arbitrarily chosen ¹µ10 D ¡3:611 free variable, the
controls become

u1 D 1:8057cos.12:566t/ C 0:5964 sin.12:566t/

tstart D 0:15038

u2 D ¡0:5749cos.12:566t/ C 1:8333 sin.12:566t/

tstart D 0:02418

u3 D 0:3602cos.12:566t/ ¡ 0:0634 sin.12:566t/

tstart D 0:11113 (71)

with u values in radian per second and tstart values in seconds.
Each of these controls was phased in at tstart and phased out at

200 s C tstart. Because the system is driftless, this guarantees the
joint and base body rates are zero at the beginning and end of the
maneuver. The base body rates (30) were calculated from the con-
trols using a C preprocessor.The system state historywas computed
from Eq. (10) through a Fehlberg fourth–� fth-order Runge–Kutta
algorithm in Maple version 5.4 with the absolute error set to 10¡8.
The resulting � nal orientation (deg) of the actual system was found
to be

Ã f D ¡5:06; Á f D ¡60:21; µ f D ¡6:22 (72)

Figure 3 shows the initial and � nal spacecraft orientations,
whereas Fig. 4 shows the orientationhistory of the base body and its
net secular variation. The error between this result and the desired
orientation is of the order 1=.n1=2/ and, thus, � ts theoretical expec-
tations.The cost of this reorientationwas 744 m2/s, which is a great

Fig. 3 Initial and � nal orientations of the spacecraft.
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Fig. 4 Simulation base body 3–2–1 (Ã, Á, µ) Euler angles.

improvement in comparison to the Rui6 control cost of 2397 m2/s
for the same reorientation.

Conclusions
A more ef� cient application of small periodic controls to secular

variations in four-link multibody systems is developed. These sec-
ular variations are shown to exist and be usable in driftless systems
ranging from the general vector differential equation to systems on
Lie groups and multibodysystems. For the case in which three revo-
lute joint controlsare used in a four-bodysystem, a relativelysimple
and elegant optimization is derived using properties of the rotation
matrix. This yields an analytic optimal control that minimizes the
control effort required for reorientation.The optimal control law is
compared to previously developed control algorithms for the four-
link spacecraft to illustrate the advantages.
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